This paper addresses the problem of towed array shape estimation for passive, horizontal sonar arrays. Beamforming and localization techniques significantly degrade when an assumed linear array bends due to tow platform maneuvers or ocean currents. In this paper, heading sensors along the array and acoustic hydrophone data are jointly used to estimate the shape of the array. Previously, heading data have been filtered using a dynamical motion model to reduce noise during turns. In recent work, a time-varying noise field directionality estimate that incorporates a dynamical model for the acoustic field provides a second, albeit biased, estimate of the array shape. In this paper, these two estimates are combined via adaptive weights to obtain improved shape estimates during maneuvers. A multi-source simulation is used to demonstrate the robustness of the combined array shape estimate when compared to the separate heading or acoustic sensor based techniques.
INTRODUCTION
This paper addresses the problem of towed hydrophone array shape estimation during maneuvers by exploiting the accuracy of heading sensors under nominally linear considers and relying on acoustic data when heading sensors fail during rapid maneuvers. A large acoustic aperture is required for source localization at low frequencies, such as below 1000 Hz. Typically, arrays are assumed to be linear or heading sensors on the tow cable are used to estimate the array shape. Tow platforms perform rapid maneuvers for navigation or tactical reasons, which cause the flexible array cables to deform. In particular, turns cause the array to bend which degrades beamforming performance [1] . Heading sensor data can be filtered using linear [2] or non-linear [3] shape models. Unfortunately, rapid maneuvers can cause heading sensor data to be severely corrupted by noise or heading sensors can permanently fail over time.
Instead, hydrophone data can be used to estimate the shape of an array. Acoustic sources of opportunity in the far-field, at unknown locations, can be exploited to calibrate the shape of the array when a single heading or the source location is known [4] . Assuming a far-field source is approximately static in bearing, the array shape is estimated by optimizing the peak of the beamformer output [5] . For multiple sources at the same frequency, the maximum-likelihood (ML) solution has been derived assuming a deterministic signal model and known number of sources [6] . The deterministic signal approach jointly estimates the direction of arrival for each source and the array shape. Due to the left/right ambiguity of non-linear arrays, such techniques typically consider sources over a 180 • range.
Field directionality mapping techniques for maneuvering arrays use a non-parametric model to provide an unambiguous estimate of the horizontal spatial spectrum over the 360 • field. Ambient ocean noise is directional at low frequencies, due to distant shipping traffic [7] and can be estimated using a maneuvering linear array [8] . Recently, towed array shape methods have been developed to estimate the spatial spectrum for arbitrary array shapes during maneuvers [9] . In this paper, the non-parametric spatial spectrum solution is used to estimate the array shape by exploiting directional ambient ocean noise. The array shape estimate is then combined with a shape estimate from heading data. This allows a more robust estimate during turns when heading sensors are more likely to provide inaccurate readings.
The rest of the paper is organized as follows. The heading and acoustic data are described in Section 2. A technique for heading and acoustic data fusion is given in Section 3. A multiple source simulation with a tow platform performing a sharp turn is provided in Section 4. Concluding remarks are made in Section 5.
HEADING AND ACOUSTIC DATA
An array of hydrophones is towed behind a platform as described by Figure 1 . The coordinate system is defined with the origin at the location of the hydrophone farthest from the tow platform. The bow of the array is described by α and the heading of the array is given by θ o . Heading sensors are located on the tow cable and measure the angle tangent to the cable referenced to the x-axis, or true North.
The ambient noise field is modeled as a sum of uncorrelated planewaves. The 360 • field is gridded into Q directions uniformly in bearing. The noise field is modeled stochastically where the signal vector from Q grid points is distributed according to s ∼ CN (p, Σ). Acoustic data received by M omnidirectional hydrophones at time n is given by the vector
at frequency ω where the steering matrix, A, is formed by a uniform grid of Q direction vectors given by 
The wavenumber vector is defined as
Using the noise field grid, the steering matrix can be written as
to account for the time-varying platform rotation, θ o,n . Noise that is uncorrelated between sensors is given by η n ∼ CN (0, σ 2 η I). The zero-mean received data vector has a covariance matrix given by
In this paper, the goal is to jointly estimate array shape and field directionality, specifically the diagonal elements of Σ n and the array shape parameter α n . Note the number of sources in the field is not required in this formulation.
ARRAY SHAPE ESTIMATION
The array shape is first estimated separately using heading sensors and acoustic data. The two estimates are then combined to obtain a single array shape estimate. Heading sensor data is used as an input to a Kalman filter based on the differential equations due to force balance analysis. This conventional method is described in Ref. [3] . The result is array headings sampled at the location of each hydrophone. Note that array shape estimation from heading sensor data is typically performed by employing a water-pulley model involving more parameters to be estimated than shown in Figure 1 ; acoustic data provides less detailed shape information under nominally linear operating conditions.
Acoustic Shape Estimation
The ML estimate of the array curvature using data from the previous N snapshots, where
This results in a single parameter search with an optimization over the likelihood function that is given by
For uncorrelated temporal broadband data, maximizing the likelihood results an optimization of the sum of narrowband likelihoods. The search can be bounded by the physical limits of the tow system and can be initialized as a straight line or using the previous estimate. The estimate attempts to find the best array shape that matches the acoustic data with the previous spatial spectrum estimate,Σ n−1 . This assumes the spatial spectrum changes slowly compared to the array shape changes. The spatial spectrum may be estimated using other systems, e.g. ship position knowledge, or the acoustic array data. For the purpose of this paper, the ML estimate of the spatial spectrum is found using the expectation-maximization algorithm, assuming a flat temporal spectrum for each source. The resulting iterative estimate is summarized by (see Ref. [10] )
where the frequency and snapshot dependent terms are given with (k, ω) dependencies suppressed
Acoustic and Heading Sensor Fusion
In order to combine the heading and acoustic based estimates, both estimates are mapped to a common parameter space. Hydrophone headings are calculated using the relative array heading, θ o , and the estimate from Eq. (4) and denoted by θ α = θ o 1 + g(α). The mapping from array curvature to hydrophone headings is given by (3) and
Kalman filtered heading sensor data is denoted by θ H . The acoustic estimate is biased due to the initial parameter reduction from hydrophone headings to array curvature. The bias at the mth sensor is denoted by β m . The estimate with minimum mean squared error, for a single hydrophone heading, is given byθ
where the variance of the acoustic and hydrophone based estimates, σ α and σ H respectively, appear in the weighting factor given by
The weighting factor, Eq. (11), is calculated for each hydrophone heading. The estimator variances are unknown, time-varying parameters approximated by σ 2 n = γσ 2 n−1
Note that the variance of heading sensor data will rise significantly during rapid maneuvers. For the acoustic based estimate, the bias is assumed to be constant and is a function of the true, unknown array shape. Using a priori knowledge of tow platform maneuvers and array shape responses, the bias can be approximated. Consider the case where array shape parameters have a priori statistical distributions from historical data or dynamical model predictions. Let the array curvature, α, be normally distributed with zero mean and variance ν 2 α such that α ∼ N (0, ν 2 α ). The hydrophone headings are assumed to be be normally distributed around the array curvature such that φ ∼ N (g(α), ν 2 I), where the model uncertainty is given by the variance ν 2 . Thus the expected value of the bias for the mth hydrophone heading is given by β m = E φ,α [φ − g(g −1 (φ))] m . The expected value is used to approximate the bias since the true array shape is unknown. For the purpose of this paper, the variance of array curvature is assumed to be uniformly distributed over two wavelengths such that ν 2 α ∼ U(0,
ANALYSIS AND SIMULATION
Consider a hydrophone array attached to a 100 m cable and towed behind a maneuvering platform. Assume the 40 element array is designed for 300 Hz acoustic data with uniform half-wavelength spacing. The tow platform performs a 90 • turn with a heading sensor at the front of the tow cable as well as the front and rear of the array. The true array headings are shown in Figure 2(a) Figure 2(b) . For comparison, the solution using a deterministic model based on Weiss and Friedlander's work is labeled as ML-DOA [6] , where the true source locations are assumed known to avoid ambiguities. Note that the ground truth and filtered heading data in the Figure 2 To combine the heading and acoustic data, the bias must be approximated. The expected bias, averaged over hydrophone headings and 10,000 independent runs, is given as a function of heading standard deviation (std), ν, in Figure 3(a) . Additionally, the bias is insensitive to ν α for values of less than two wavelengths in this case. For the purpose of this paper, a value of β 2 = 0.005 is used.
The variance of the heading and acoustic estimate is calculated using γ = 0.8 for the weighting of the previous value. The variance of the heading data is based on the results of Ref. [3] , where the heading sensor performance degrades significantly. The combined estimate using Eq. (10) results in a root-mean-square-error (RMSE) over hydrophone headings as shown in Figure 3(b) . Before the turn, the heading sensor data has significantly lower variance (and error) than the acoustic data since the heading sensors are operating under ideal conditions. The turn begins at 100 sec and by 125 sec the heading sensor variance is orders of magnitude greater than the true value. This results in estimation error that is greater than the acoustic estimation error. During the turn, the acoustic estimate is able to maintain a lower error level. The combined estimate error tracks with the lower error level of the heading sensor estimate outside of the turn and relies on the acoustic data during the turn. Thus, the combined estimate more robust than either estimate individually. Note that the combined estimate is not always lower than either estimate but switches between the heading and acoustic estimates. 
CONCLUSION
A method to combine heading sensor and acoustic hydrophone data to estimate array shape in ambient ocean noise is introduced in this paper. The resulting combined estimator is more robust than estimates based on the heading and acoustic data alone.
